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■ Abstract 



o 

if^ [ quasilocal formalism. We find that the dipole charge appears in the first law in 



o 



The thermodynamical properties of a dipole black ring are derived using the 



the same manner as a global charge. Using the Gibbs-Duhem relation, we also 
provide a non-trivial check of the entropy/area relationship for the dipole ring. A 
preliminary study of the thermodynamic stability indicates that the neutral ring 



Oh! 

D . is unstable to angular fluctuations. 

> 

[x^ 1 Introduction 

Not many objects in physics are as fascinating and intriguing as black holes. The 
relationship between thermodynamic entropy and the area of an event horizon is one of 
the most robust and surprising results in gravitational physics. Even more surprisingly 
is the fact that 4-dimensional black holes are highly constrained objects. That is, an 
isolated electrovac black hole can be characterized, uniquely and completely, by just 
three macroscopic parameters p]: its mass, angular momentum, and charge.^ There 
are no black objects with an electric dipole in four dimensions. The black holes have 
'smooth' horizons (there are no ripples or higher multipoles) and are clasically stable. 
Moreover, for asymptotically flat solutions, the event horizons of non-spherical topology 
are forbidden. 

Gravity in higher dimensions — an important active area in both string theory and 
particle physics — has a much richer spectrum of black objects than in four dimensions. 

^Tlie classical uniqueness results do not apply to black holes with degenerate horizons. 
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For example, the vacuum black ring found by Emparan and Reall in ref. has a non- 
spherical event horizon of topology S"^ x S^. It was also explicitly proved in ref. a 
'discrete' non-uniqueness: There is a range of values for the mass and angular momen- 
tum for which there exist three solutions, a black hole and two black rings. A more 
dramatic 'continuous' violation of 'uniqueness' was presented in ref. The solution 
describes a stationary black ring electrically coupled to a 2-form potential and a dilaton. 
The ring creates a field analogous to a dipole, with no net charge measured at infinity. 
In this way, a family of black rings differing only by their dipole charge is obtained.^ 
Then it is clear that, unlike four dimensions, in higher dimensions not all black hole 
equilibrium configurations are completely characterized by a few asymptotic conserved 
charges. It is not yet known if these solutions are stable. 

The black ring solutions satisfy the first law of black hole mechanics, thus suggesting 
that their entropy is also one quarter of the event horizon area. For dipole black rings, 
the novelty is that the dipole charge enters the first law in the same manner as an 
ordinary global charge jHl 13 IHj- A derivation of the first law of black ring solutions 
based on the Hamiltonian formalism was presented in ref. 1^. 

In this paper, we will take a slightly different route in deriving the first law for the 
dipole ring. Our proposal is to compute the thermodynamical quantities by employing 
the quasilocal formalism of Brown and York [B] supplemented by boundary countert- 
erms. In this way, the difficulties associated with the choice of a reference background 
for a rotating spacetime in the presence of matter fields are avoided. 



2 The general framework 

It is well known that the gravitational action contains divergences even at tree-level — 
they arise from integrating over the infinite volume of spacetime. For 5-dimensional 
asymptotically fiat solutions with a boundary topology x R, the action can be reg- 
ularized by the following counterterm [7j : 




where TZ is the Ricci scalar of the induced metric on the boundary hij. Varying the 
total action (which contains the Gibbons-Hawking boundary term) with respect to the 
boundary metric hij, we compute the divergence-free boundary stress-tensor 

^In fact this is true at the classical level. Once the charges are quantized in terms of the brane 
numbers, a discrete family of dipole rings is obtained. 
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where Kij is the extrinsic curvature of the boundary and ^ = y Provided the 
boundary geometry has an isometry generated by a KiUing vector a conserved charge 

£l^ = ££S'eT,, (3) 

can be associated with a closed surface E [H]. Physically, this means that a collection 
of observers on the hypersurface whose metric is hij all observe the same value of £3^ 
provided this surface has an isometry generated by ^. For example, if ^ = d/dt then £l 
is the conserved mass/energy M. 

Upon continuation to imaginary time, the gravitational thermodynamics is then 
formulated via the Euclidean path integral. The thermodynamic system has a constant 
temperature T = 1/(3 which is determined by requiring the Euclidean section be free 
of conical singularities. In a very basic sense, gravitational entropy can be regarded 
as arising from the Gibbs-Duhem relation applied to the path-integral formulation of 
quantum gravity |8J. The total action / is evaluated from the classical solution to the 
field equations, which yields an expression for the entropy 

s = pim - fiXi) - /, (4) 

upon application of the Gibbs-Duhem relation to the partition function (with chem- 
ical potentials and conserved charges /ij). The first law of thermodynamics is then 

dS = f3{dm- fiiddi). (5) 

However, we will find that a key point in our intuition about Euclidean sections does 
not apply to black rings — there is no real non-singular Euclidean section in this 
case. Nevertheless, as argued in ref. 0, these configurations still can be described by a 
complex geometry and a real action (for other examples, see refs. [TIH lllj). 



3 Asymptotic conserved charges for the dipole black 
ring 

For a detailed study of the dipole ring we refer the reader to ref. |3|, whose notation we 
follow. The line element of this solution is written as 

F{x) \H{y)J V Fiy) J ^ ' 

where 

F(0 = l + Ae, G{i) = {l-e){l + H), H{0 = l-f^^, (7) 
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and C{u,X) = a/A(A — z/)(l + A)/(l — A). The constant which enters the above 
relations is related to the dilaton coupling constant a through = + 1/3)^^. 

The values = 1, 2, 3 are of particular relevance to string and M-theory. 

The coordinates x and y vary within the ranges —1 < x < 1, —oo < y < —1, while 
R, A, fi and u are real parameters with < u < X < 1. To avoid conical singularities at 
X = —1 and y = —1 one sets 

A.^, = A, = 2.(l±ifl^^, (8) 



while the singularity at x = +1 is avoided by requiring 

(9) 



l-A/l+/i\^ /I 



1 + A \l- 

With these choices, the solution has a regular horizon at y = — 1/z/, of topology x 
and area Ah = 8tt^R\1 + /i)^z/(3-^)/2(^ ^ iy)^/^^X{l - X^)/{1 - iyf{l + z/) , an 

ergosurface of the same topology at y = — 1/A, and an inner spacelike singularity at 

y = —oo. Asymptotic spatial infinity is reached as x —1. 
The dilaton (p and the two-form potential are given by 



H{y)J 



\ Na/2 

] , Bt^ = C{u, -/i) ViV 



C{u, -/i) VNR{l + y)/H{y) + k, 



where k is a constant. The main observation in ref. is that the constant k is not 
arbitrary. Usually, the gauge potential is globally defined and non-singular everywhere 
outside (and on) the horizon. However, Copsey and Horowitz have shown that this 
is incompatibile with the assumptions that the dipole charge is nonzero and that B 
is invariant under the spacetime symmetries. The constant k must be chosen so that 
Btii){y = — 1) = and implies that B^j^y necessarily diverge at the horizon. For our 
analysis it is important to note that this is just a purely gauge effect — the physical 
field 3-form H = dB remains finite at the horizon. 

To evaluate asymptotic expressions at spacelike infinity, it is convenient to introduce 
coordinates in which the asymptotic flatness of the solution becomes manifest. Our 
choice for this transformation is 

, = 1 ?!f , y 1 + . (10) 

+ cos^ 6' ' + i?2 cos^ 6' ' 

r corresponding to a normal coordinate on the boundary, 0<r<oo,0<^^<7r/2. In 
these coordinates, the black ring approaches asymptotically the Minkowski background 
ds"^ = df'^ + f'^(^d9'^ + sm'^ Odijj'^ + cos^ 9d(f^^ —dt"^, where and are angular coordinates 
rescaled according to eq. (jH)) and f = ((1 — A)/(l — z/))^/^r. 



4 



The mass M and angular momentum J of the black ring solution can be computed 
by employing the quasilocal formalism. The relevant components of the boundary stress 
tensor are 



S'GT; = + - (iV - 3)^)) \/Y^4f + 0(l/r*). 

Using eq. we obtain the following expressions for mass and angular momentum of 
the dipole ring solution 

AG l-v \ 31 + //;' ^ ' 

J _ vri?3 (i + ^)3A^/VA(A-^)(l + A) 

2G (l-z/)2 ' ^'^^ 

which match the ADM values computed in ref. jH]. 



4 The dipole ring action 

The partition function for the gravitational field is defined by a sum over all smooth 
Euclidean geometries which are periodic with period f3 in imaginary time. This integral 
is computed by using the saddle-point approximation. The energy and entropy are 
evaluated by standard thermodynamic relations. Naively, one may expect to find a real 
Euclidean section for a black ring solution by using the analytical continuation t ir 
supplemented with C — > iC. However, it can be verified that the conical singularities 
at X = ±1, y = —1 of the Euclidean line element cannot be removed for any choice 
of (A, z/, fi) which assures a real C Therefore, we are forced to work with a complex 
geometry. 

We adopt here the 'quasi- Euclidean' method of ref. jH] in which the Wick trans- 
formations affect the intensive variables, such as the lapse and shift (A^ —iN and 
A^'^ —iN''), but for which the extensive variables (such as energy) remain invariant. 
It is important to be mentioned that the Cauchy data and the equations of motion 
remain invariant under this complexification.^ Starting with the ring metric in the 
canonical (ADM) form we obtain the following 'quasi-Euclidean' section: 

ds"^ = dr^ + -fij {dy' - i N' dr) {dy^ - i dr) . 

No singularities are found on this 'quasi-Euclidean' section — the conical singularities 
at 1/ = —1, X = ±1 are avoided by taking the same periodicity for if) and together 

•^Note that since the energy and angular momentum are described by three-surface integrals over 
the Cauchy data, they remain invariant and real under this complexification. 
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with eq. One has also to identify r with a period j3 to make the metric regular 
on the horizon. A detailed analysis shows that the periodicity /3 and the shift vector 
at the horizon reproduce the inverse of the Hawking temperature and the angular 
velocity of the horizon, respectively, as computed in ref. [S] 



, A7,R{^^ + vrl^ / A(l + A) _ 1 1 / A-z/ 

^" z/(^-i)/2(l + zy)V 1-A ' + A(l + A)- ^ ^ 

It is convenient to use the r, coordinates, as defined by eq. (fTUj) . in order to compute 
the boundary terms (Gibbons-Hawking plus the counterterm) contribution to the total 
action. In the large r limit we find the following finite expression: 



i-dB 



tt'R^ / ^ AKl + A) , A(l + A),^ , 



3AW \/ + w-^— ^(i+/ir-^(-iv/. (14) 



3G(l-z/2)V y (i_A) ' y (i_A) 
The tree-level bulk action is computed by using the trace of the Einstein equations 



This volume integral evaluated on the Euclidean section takes a simple form expressed 
in terms of the dipole charge q and the potential $ defined as 



q = — e-''UH = RVN^ ^, (16) 

47rys2 (l-z/)v/r^ 

d. ^ r R r 1/^^ TTi^ ^ (i + /i)(^-^)/VMi-/i)(i-A) 

where 5*^ is a surface of constant t, y and ip in the metric ©• Then, the bulk contribution 
is Ib = iPq^- It is important to precisely point out the nature of the dipole charge. 
A string naturally couples to a 2-form gauge potential. The special case = 1 is the 
NS sector of low-energy string theory. Then, a fundamental string that carries electric 
Kalb-Ramond charge is a solution of our theory. The string charge is localized on the 
string and the charge density can be visualized as a current on the string. Since the 
string winds around a contractible circle, no monopole term will appear in the multipole 
expansion for the field. Therefore, the local charge'* (|16p has a natural interpretation as 
a source of the dipole field. 

The total action / is given by 

I = lB + IaB = ^^[^(1 + l^f-'W + /i) - N^^il - A)), (18) 



''it is well defined due to the field equation d{e * H) — (see, e.g., ref. [T2] for a nice discussion 
on different notions of charge) . 
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which is a strictly positive quantity. For a grand-canonical ensemble {i.e. for fixed 
temperature, angular velocity, and gauge potential), using the definition of the Gibbs 
potential G{T,Qh,^) = I/P, eq. (fT^ for the angular velocity, and eq. (fTTj) for the 
potential $, we obtain 



which means that G{T, Qh, ^) is indeed the Legendre transformation of the energy 
M{S, J, q) with respect to S, J, and q. The entropy S = — {dG / dT)^^^ is one quarter 
of the event horizon area Au- A straightforward calculations shows that the extensive 
thermodynamical quantities 



turn out to coincide with the expressions (|T^ and (fT^ . the first law of thermodynamics 
(0) also being satisfied. 



5 Discussion 

Black rings provide a novel theoretical laboratory for studying the physics associated 
with event horizons. Using a counterterm-like method for fiat spacetimes, we have 
explicitly shown that the first law of black dipole ring mechanics expresses the conser- 
vation of energy by relating the change in the dipole ring mass M to the change in 
its area A-h, angular momentum J, and the dipole q. An extended form of the zeroth 
law implies that not only the surface gravity, but also the other intensive quantities (in 
our case, the angular velocity and the conjugate potential of the dipole charge) should 
be constant over the event horizon. Indeed, we found that the potential $ in eq. p7|) . 
which is constant over the event horizon, appears as the conjugate potential of the 
dipole charge in the first law. 

The dipole ring does not have a real non-singular Euclidean section. To remedy the 
situation, following ref . [0] , we constructed a complex metric that transformed the lapse 
function and the shift vector to imaginary quantities, but which kept the gravitational 
Cauchy data invariant (and hence the extensive quantities). The horizon is described 
by the 'bolt' in this complexified geometry but has invariant features {e.g, area, gravity 
surface, etc.) as in the Lorentzian sector. Then, the key features of the physical 
Lorentzian dipole ring have been preserved. 

The analysis of the thermodynamic stability of the black ring solutions turns out to 
be very complicated, simple results being possible in the vacuum case only. For yU = 0, 
the Euclidean regularity at the horizon, which is equivalent to the condition that the 



G{T, Qh, $) = M - QhJ -TS- <l>q, 



(19) 




(20) 
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black ring is in thermodynamical equilibrium, gives the equation of state 



^ = TfaVj5nr-w"i. (21) 

and the Gibbs potential can be written as 



The analysis of refs. [21 E] reveals the existence of two branches of solutions in terms of 
the dimensionless reduced spin j and reduced area of the horizon an, with = ^^jjs = 
(1 + uY/8u, an = i6^(g^,^3/2 = 2y/u{l-u), which join for (j^a^) = (27/32, 1) 
(corresponding to u = 1/2), and which are dubbed 'large' and 'small' according to their 
area. For a grand canonical ensemble, the control parameter is AuT/Qh, the value for 
which the two branches join being ilu = AnT / -\/3- 

To discuss the thermodynamic stability in a grand canonical ensemble, we consider 
first the specific heat at constant angular velocity at the horizon 



Cn = T{^] . (23) 



It turns out that only the 'large' black ring solutions with VIh < 47r-^2/3^T (corre- 
sponding to V < 2 / \/4 + a/3) are stable against thermal fiuctuations, > 0. When 
considering instead a canonical ensemble with F[T, J] = M — TS, one finds that the 
specific heat at constant angular momentum is always positive 



Cj = T(^] >0, (24) 



dT 



which implies the ensemble is thermally stable. Another 'response function' of interest 
is the 'isothermal permittivity' er = {dJ/dVLH)^- Since it is always negative, the neutral 
black string solution is unstable to angular fiuctuations, both in a macrocanonical and 
canonical ensemble. 

At this end, we would like to comment on our counterterm prescription for the 
asymptotically fiat spacetimes. Unlike asymptotically anti-de Sitter (AdS) spaces, the 
locality of the counterterm is not a priori mandatory for the asymptotically fiat spaces 
[7j — though, for our purpose it was sufficient to consider a local counterterm. We 
have only investigated stationary spacetimes and so, for each value of the cut-off, the 
slice with the induced metric hij is stationary. Since ^ = d/dt is a Kiling vector of the 
cut-off boundary, the energy is conserved. However, it would be interesting to find a 
more general result for any asymptotically fiat spacetime. It is also worth exploring 
the connection between the holographic charges and the various alternative definitions 
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of conserved charges in asymptotically flat spacetimes (for AdS, see refs. [13 El CH]). 
These issues are currently being investigated P^ . 

A detailed analysis of the thermodynamics of black ring solutions will be presented 
in a companion paper [T7] . 
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